OPTIMUM EXPRESSION FOR COMPUTATION
OF THE GRAVITY FIELD OF A POLYHEDRAL BODY
WITH LINEARLY INCREASING DENSITY!

V. POHANKA?

ABSTRACT

The formula for the computation of the gravity field of a polyhedral body with density linearly depending
on some coordinate is derived and transformed in the optimum form for numerical calculation.

INTRODUCTION

The optimum expression for the gravity field of a homogeneous polyhedral body was derived in Pohanka
(1988) (hereafter denoted as HPB). However, in many cases the (difference) density within the body varies
(in a more or less simple way) with the position. The most usual case is the linear dependence on the depth;
therefore, it is desirable to derive an exact formula for the gravity field of a polyhedral body with density
linearly depending on some coordinate.

DERIVATION OF THE FORMULA

We follow here the derivation of the formula for the gravity field presented in HPB. If D denotes the
interior of the polyhedral body and p(r) is the (difference) density within the body, then the gravity potential
of the body at the point r is
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where k is the gravitational constant and dr’ is the volume element at the point 7’. The intensity of the
gravity field is

/
1
E(ry=—V,V(r) = 'v,,p(’") :_/ "o (P Vo ——— =
(r) (r) K/DdT g K DdT p(r") P

/ 1 /
, . 2
T|—|-/<a/DdT |T/_T|V7,p(r) (2)

:—H/ dr’ V. plr’)
D " —

In our case the density can be expressed as

p(r) = po+py-7 (3)

(thus pg is the value of density in a suitably chosen origin of coordinate system and p; is the gradient of
density) and we have
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Similarly as in HPB, we express the integrals on the rhs of (4) as surface integrals (over the surface S of
the body) using the the Gauss theorem. If f(r’) is a vector function with integrable gradient in the domain
D, it holds

/<h-vw £ L/da - f(s (5)

where do’ is the surface element at the point s’ on the surface S oriented outwards from domain D.
Accordingly, if f(r’) is a scalar function with integrable gradient in the domain D, it holds

/ dr' Voo f (r / do’ f(s (6)
In order to transform the second integral on the rhs of (4), we use the identity
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thus formula (4) reads
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and according to (5) and (6) we obtain
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Now we write the integrals on the rhs of (8) as a sum of integrals over the sides S} of the polyhedron
(1 < k < K). At any point of the k-th side we have do’ = ny do’, where ny is the unit normal vector
pointing outwards from this side and do”’ is the scalar surface element; thus
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Similarly as in HPB, we express surface integrals in functions Fi(r) and Gg(r) as line integrals along
the closed curve L, which is the boundary of the side S%. This can be done using the 2D Gauss theorem
which we express in the following form: if f(r’) is a vector function with integrable gradient in the domain
Sk (ie. for ¥ = &) and ny- f(s’) = 0 (i.e. vector f(s’) lies in the plane of the side Sg), it holds

do’ Vg - .f(sl) = I dEI : .f(l/)v (12)
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where d¢’ is the linear element at the point I’ of the curve Ly, (vector d¢’ is orthogonal to the curve L and
vector ny, and it is oriented outwards from the domain Sy).

For correctness we note that we do not (explicitly) use an operator of the 2D gradient: operator V.
represents always the 3D gradient and expression Vg - f(s’) is in fact a limit of V.- f(v') for v — .
Nevertheless, this expression does not contain the derivative with respect to coordinate perpendicular to
the side Sy (thus it is in fact a 2D divergence), as ny- f(s’) = 0 (here it is important that ny is a constant
vector).

In the case that f(r') = g(v')-v, where v is a constant vector, g(r’) is a tensor function with integrable
gradient in the domain Sy and ny-g(s’) = 0 (i.e. vector g(s’)-v lies in the plane of the side Sj), we get from

(12)
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As this holds for any (constant) vector v, we obtain the formula

do’' Vg -g(s) = | d&-g(l) (13)
Sk Ly
(note that it is not necessary that tensor g(s’) is a 2D tensor, thus it need not be g(s’)-n; = 0). For
explanation, if u, v are vectors and g is a tensor, u-g and gu are vectors obtained by the scalar multiplication
of tensor g with vector w from the left and right, respectively, and u-g-v is a scalar obtained by the scalar
multiplication of tensor g with vector u from the left and vector v from the right (the order of multiplications
is not substantial).
For the function Fj(r) it was shown in this way in HPB that
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thus we need to transform only the surface integral in G(r). We are looking for a tensor function g (')
such that
r—r

—— T gi(r) =0. (15)

P Qk(r/) = v — 7|

Note that it is necessary that these conditions hold only in the domain Si; however, for simplicity we require
that they hold in the whole space (as this does not represent any loss of generality). We construct tensor
gy, (r") from the unit tensor I and vectors 7’ — r and ny, using the scalar and tensor product of vectors. We
denote the tensor product of vectors u and v (in this order) simply as wv (this tensor is a dyad composed
from vectors u and v).

We first decompose vector r’ — 7 into two components, (r' — 7)) which is parallel to the side Sy and
(r" — 7). perpendicular to the side Sg,

(¥ —r).=Ziny, Zp=mng-(r'—7r),

(r=r)y=7"—-r—(r'—7r), (16)
and denote
pe = =)l 2 =12l (17)

Then the most general form of tensor g, (r') constructed as mentioned above and satisfying the second
condition of (15) is

gu(r) = (I = nyeni) go(pr, Z) + (' = )y (= 7)) 91(pks Zi) + e 92 (ors Zi) ) (18)



We have
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Inserting in the first condition of (15) and using the equality
r—r (=7 + Zyny
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we obtain equations
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where z = |Z|. In order to use equality (13) we require that tensor g, (7’) is bounded for 7" — 7; this implies
that go(p, Z), p? 91(p, Z) and pga(p, Z) have to be bounded for p — 0+. Then the single solution of (20) is
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(note that it is always z > 0); in the case of (19) we are free to choose one of the functions go(p, Z2), g1(p, Z).
In view of (13), (15) and (18) we get from (11)
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In our case Ly, is a closed broken line composed from L(k) line segments Ly; (1 <1 < L(k)); we assume
that these segments are numbered in the direct sense (counter-clockwise) viewed from the outside of the
body. Vertices of the side S}, are numbered in the same order: end points of segment L, ; are denoted as ay
and a4+ (thus Qg L(k)+1 = ay1). For every segment Ly ; we define two unit vectors: vector My 1, which is
parallel with the segment and has the same orientation

agl+1 — Ak

W = , 23
= (23)
where d},; is the length of the segment Ly,

dig = @41 — agl, (24)

and vector vy, lying in the plane of the side Sj, perpendicular to the segment Lj; and directed outwards
from the side S}, which reads

Vi = ) X 1. (25)
Then we have on the segment Ly

UV=api+pp, & (0<E <dyy) (26)
and

d¢ = vy, d¢'. (27)
Further we denote
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As the quantity ng - (I' — r) (= ng - (ar; — r)) does not depend on ¢’ nor on the index [, this quantity is
equal to Zi(r) (on any segment of Sj); thus we have according to (16) and (17) on the segment Ly ;
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Now we can write (22) in the form
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Using (21) we get
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(z = |Z] and thus ®(u,v,w, Z) = ®(u,v,w, z)). In HPB this function is denoted as ¢(u,v,w, z) and it was
shown that (14) can be expressed as
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Explicit formula for the function ®(u,v,w, z) reads
O (u,v,w,z) =wL(u,v,w, z) + 2z A(u,v,w, z), (37)

where
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Integral in the first formula of (32) can be removed if we put
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then we obtain using the last formula of (30)
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Inserting (41) in the condition (19) we get
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what can be written in the form
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(note that equations (41) — (43) are not changed if we replace h(p, Z) by h(p, Z) + ¢(Z), where ¢(Z) is a
function of Z). Thus we have
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as the additional integration term of the form ¢(Z) on the rhs can be removed if we replace h(p,Z) by
h(p,Z) + c¢(Z). Then we have
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using the last formula of (30) we get
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and from the second formula of (32) we obtain
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We can easily calculate the indefinite integral
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thus the integral on the rhs of (45) is
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and we finally have
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Thus we have expressed functions ®1(u,v,w,Z) and Po(u,v,w,Z) (formulae (42) and (47)) in terms of
function h(p, Z), which has to satisfy only the condition that h(p, Z) and p dh(p, Z)/0p have to be bounded
for p — 0+.

Now we are able to determine the form of function h(p, Z) in such a way that the expression (33) for
the function G (r) would be the simplest possible. We first put

h(p, Z) =0 (48)
and from (42) and (47) we obtain
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Now we can try to find still simpler expression for these functions. It can be easily shown that the term
containing function L(u,v,w,z) cannot be removed from the expression of function ®o(u,v, w,Z) by any
choice of function h(p, Z): if it would be for some function f(p, Z)

0 flplw,0),7) — u flplusw). Z) = 5 (0P + ) L, v,0,2),

then inserting u = —v we would get
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however, neither the argument of logarithm nor the term in front of it can be expressed as a function of
p(v,w) and Z. This means that function ®4(u, v, w, Z) has to contain the logarithm term and that it is not
reasonable to consider any function h(p, Z) containing any logarithmic or other transcendental function. We
can still try to remove or simplify the first term on the rhs of (47): if we put

f(,o(v,w),Z) =

1
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1
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It is clear that there are no simpler expressions for the functions ®4(u,v,w, Z) and ®o(u,v,w, Z) than (49)
or (51) (note also that in both cases ®1(u,v,w,Z) = ®1(u,v,w, z) and Py(u,v,w, Z) = Po(u,v,w, 2)).

It has to be noted that the expression of function G (r) corresponding to formulae (33) and (49) was
obtained (in a slightly different way and in context of an other problem) by Ivan (1996) (author is indebted
to the anonymous reviewer for this information).

Now we can present the resulting formula for the intensity of the gravity field E(r): from (9), (33), (34)
and (36) we get
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where functions ®(u,v,w, z), ®1(u,v,w, z), Po(u, v, w, z) are given by (37) and (49) or (51).

NUMERICAL ASPECTS

Now we modify the obtained formula for numerical calculation, closely following HPB and Pohanka
(1990): we aim to eliminate any undefined operations (e.g. expressions of the type 0/0) and to improve
the accuracy of calculation. For the function ®(u,v,w, z) this is already done in the mentioned articles: we
express function L(u,v,w, z) in the form (note that we have always u < v)

v? 4 w? + 22 + |y
u? +w? + 22 + u|’

sign(u) = sign(v) :  L(u,v,w, z) = sign(v) In

(Vo2 T 0P+ 22+ o)) (VaZ T w? F 22+ Jul)
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sign(u) # sign(v) :  L(u,v,w,z) = In ,

and replace function ®(u, v, w, z) (given by (37)) in the formula (52) by the function ®(u,v,w, z, ) defined
as

O(u,v,w,z,¢e) =wL(u,v,w,z+¢)+ 22z A(u,v,w,z + ¢), (54)

where the positive parameter ¢ has a dimension of length and it is much smaller than the characteristic
dimension of the polyhedron.

In the case of functions @ (u, v, w, z) and ®o(u, v, w, z) we first write function L(u,v,w, z) in the form
(53) and rewrite the other terms according to equalities
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in order to decrease the error at points far away from the body. Then we replace functions ®1(u,v,w, 2),
Dy (u, v, w, z) in the formula (52) by functions ®1(u,v,w, z,¢), Po(u, v, w, z,£), respectively, where

D (u, v, w, z,e) =0,

1 2
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in the first case (formula (49)) and
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(Dl(u?ana 275) =

in the second case (formula (51)). Then the expressions (54), (56) and (57) are well defined for v > u, 2 > 0
and they are suitable for the numerical calculation.

Finally we compare the two variants (56) and (57) with respect to the speed of calculation. Expression
(57) is a little simpler than (56), as it contains two additions less than the other. However, by the calcu-
lation of expression (52) using (56) we need neither to calculate the quantity p;- py; (thus perform three
multiplications and two additions), nor to multiply it by a nonzero quantity and add to the other terms.

Therefore the most simple variant for the numerical calculation is that given by formulae (52), (54) and
(56).

ALGORITHM OF CALCULATION

Let us repeat briefly the optimum algorithm for the calculation of the gravity field of a polyhedral
body with linearly increasing density (we follow here closely the algorithm presented in HPB). The input
parameters of the body are:

— value of the density at the origin of coordinates py (note that this origin can lie outside the body),

— gradient of the density p; (thus density at the point » within the body is given by p(r) = po + p;-7),

— number of polyhedron sides K,

— for every side (designated by the number k, 1 < k < K), the number of edges L(k) (equal to the
number of vertices),

— for every vertex of the k-th side (designated by the number [, 1 <[ < L(k)), its radius-vector aj; (the
vertices are ordered in the direct sense viewed from the exterior of the body and ay, 1)1 = @x,1). The I-th
edge is defined by its end points aj; and ay ;4.

The last input parameter is the radius-vector r of the point of calculation of the gravity field.

In the calculation we proceed as follows:

1. For each side (i.e. for each k) we find the following quantities:
(a) For each edge (i.e. for each 1) its length

di) = |Gk 141 — @yl

and the unit vector

agj+1 — Ak
dg

)

i1 =
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(b) The unit normal vector ny pointing outwards from the side (see HPB)

_ N
ny = my
where
L(k)—1

N = Z (arg — ag1) X (pie1 — ag1)-
=2

(c) For each edge the unit vector
Vgl = Mg X M.

None of the quantities mentioned in this paragraph depend on 7.
2. For the given point r we calculate the following quantities:
(a) For each k

Zy=mng-(ar1—7), 2k=|Zg.
(b) For each k and [

Ukl = K- (ak, — ),

Vg = Uk + di g,

Wi = Vi, - (@ — 7).

3. For some choice of the small positive parameter ¢, the (aproximation of the) intensity of the gravity field
E(r,¢) is given by

L(

S
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K(Po +p1r+prnyg Zk) D (g1, Vi1, Wk iy 2k, €) +
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1
b Zi, (g1, Vi1, Wk iy 2k, €) P1], (58)

where functions ®(u,v,w, z,¢), ®o(u,v,w, z,€) can be calculated as follows. For the given numbers u, v
(v=u+d,d>0), w, z (#>0), we make the following consecutive steps:

(a) 2. =z +e¢,
(b) W2 =w? 422 W2 =uw?+ 22

(¢) Ue= Ju? + W2, V.= o>+ W2,

(d) TE :Us'i_vvsa

Ve + ||

(e) sign(u) =sign(v): Le =sign(v) In AL
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(Ve + [v]) (Ue + [u)
w2 ’

sign(u) # sign(v) :  Le =1n

2wd
(Te +d) |T: —d| + 2T 2.’

A, = — arctan

(f) ®(u,v,w,z,e) =wLs+ 22z A,

(v +u)?

1
Dy (u, v, w, z,€) = Zd( T
€

1
+T5) +5 W2L,.

CONCLUDING REMARKS

We have derived a formula for the computation of the gravity field of a polyhedral body with linearly
increasing density. This formula has the following properties: (1) it is maximally simple, (2) it is valid for
every point of space, and (3) it needs no special attention for the points near or on the surface of the body.
However, when compared with the formula for a polyhedral body with constant density, there has to be
paid an attention for the points very far from the body. This is because of the behaviour of the terms of
the sum on the rhs of formula (52): these terms behave for large distances from the body as polynomials of
coordinates of second order, compared with polynomials of the first order in the case of constant density.
Therefore it is necessary to use by the numerical calculation higher precision expression of real numbers.
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