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A solution of the inverse problem
of gravimetry for an ellipsoidal
planetary body

V. Pohanka
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Abstract: The inverse problem of gravimetry for a planetary body of the shape of
a rotational ellipsoid is solved using the method described in Pohdnka (1997).
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1. Introduction

In this paper we present the solution of the inverse problem of gravimetry
for a planetary body of the shape of a rotational ellipsoid; this solution was
obtained by applying the general method for a body of arbitrary shape
published in Pohdnka (1997). The formulation of the inverse problem is
similar to that presented in the mentioned paper: gravity field is assumed
to be generated by the matter in the interior of a planetary body of the
shape of a rotational ellipsoid; at the surface of the body the value of the
normal derivative (with respect to the surface) of the gravity potential (and,
in the case of the extended problem, also the surface value of density of the
matter) is given (as input); the problem is to find every density function
(from some given class of functions) generating the given external gravity
field.

Let the equatorial and polar radius of the body be a and b, respectively,
where

b=aV1—e2 (1.1)
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and 0 < € < 1. We introduce the rectangular coordinate system with the
origin in the centre of the body and the base vectors ¢, 7, k so that the unit
vector k is parallel to the rotational axis of the body. In the corresponding
spherical coordinate system with coordinates 7,1, ¢ we can write the radius
vector r of an arbitrary point in space as

r=r (¢sinvcosp + gsin¥sin ¢ + k cos ). (1.2)
Further we introduce the ellipsoidal coordinates (coordinates of oblate sphe-
roid) v, €, by
r= a\/(l —e2)v? + €2(sin§)?,

V1—e2vcosé
\/(1 —e2)v2 + 2(sin &)? 7
p=1, (1.3)

where v > 0, 0 < & <7, 0 < 9 < 27 (see Bateman and Erdélyi (1953),
16.1.3, and Pohdnka (1995), Section 6). These coordinates are defined in
such a way that the surface of the body S is given by the condition v = 1
and the interior (exterior) domain Diyy (Dext) determined by the surface S
is given by the condition 0 < v <1 (v > 1).

From (1.2) and (1.3) we get for the radius vector r the expression

1 = arccos

r=a ( (1 —e2)v? 4 e2siné (¢cosy + gsine) +
+kV1—¢e?vcos 5) (1.4)

and thus surface S is given in the parametrical form by

r=s(£v), (1.5)
where
s(§,v) =a (isin€cosy) + jsin€siny + kv'1 — 2 cos§). (1.6)

We accept the convention that the vector r satisfying (1.5) will be written
as s (thus s is the radius vector of an arbitrary point of surface S). We
further introduce the unit vector
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v=1tsinécos + jsin€siny + kcosé (1.7)

and we can write any function f(&,1) briefly as f(v).
The unit vector n(s) of the external normal to the surface S at the point
s is given by (see Pohdnka (1995), Section 2)

n(s) = n(s(v) = 2o, (1.9
where

o(v) =1v1—e2?sinécosy + jv1 —e2sinsiney + kcos & (1.9)
and

k(v) = |o(v)] = /1 — &2(sin &)?. (1.10)

Following the conventions adopted in Pohdnka (1995) and Pohdnka (1997),
we denote the inner (outer) limit of the function f(r) at the point s of
surface S as [f(8)]int ([f(S)]ext), and the normal component of the inner
(outer) limit of the gradient of this function at the point s as [Vsf(s)]int =
n(8) - [Vof ()i (Vs f(8)]exs = 1(5) - [V f (8)]ext):

In order to express this normal component of gradient in ellipsoidal co-
ordinates, we first note that V,r is the identity tensor and we have

Vor = ii + jj + kk = (Vp0)0yr + (V4€)0er + (Vb)) Oy r. (1.11)

As it can be easily derived from (1.4), vectors 0,7, 0¢r, Oyr are mutually
orthogonal (this expresses the orthogonality of the ellipsoidal coordinate
system). Then it follows from (1.11) that

Oy = (vrv) (avr)Qa 85’!‘ = (vrg) (afr)Qv &/,T‘ = (le/}) (87/,7‘)2, (1'12)

and this implies that vectors V,v, V,.£, V) are also mutually orthogonal.
Vector n(s(v)) is proportional to the vector dg¢s(v) x 9y s(v) (see Pohdnka
(1995), (2.6)) and thus it is orthogonal to vectors [V {],=1 and [V,]y=1;
therefore, it holds true that

n(s) - [Vsf(8)]int = n(s) - [Vpv]p=1 lim,1- 0y f(7). (1.13)
From (1.12), (1.4), (1.9), and (1.10) we easily get
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B 1 o(v
[vrv]vzl - Qm k:('v)2 (1'14)
and using (1.8) we have

1
n(s) - [Vyv]p=1 = m- (1.15)
Then we obtain from (1.13) and (1.15)
1 . '

[st(S)]int = m hmle, 8vf(’r‘), (116)
similarly
e (8)]ext =~ Ty 1y Ouf(r). (117

av'1l—e?k(v)

2. Solution of the inverse problem

We follow here the method for finding the solution described in Pohdnka
(1997): the potential of the gravity field V (r) and the density of the matter
p(r) satisfy, outside the body, the equations

r€Det:  p(r) =0, (2.1)
r€Det :  AV(r)=0, (2.2)

and the potential tends to zero at infinity; within the body they satisfy the
Poisson equation

r€Diy 1 AV(r) = 4wk p(r), (2.3)

where x is the gravitational constant. The potential and its gradient are
continuous in the whole space; this implies that at the surface S we have
the following continuity conditions:

[V(s)]int = [V(S)]ext> (2.4)
[Z/SV(S)]th = [VSV(S)]ext' (25)

168



Contributions to Geophysics and Geodesy Vol. 29/3, 1999

The function on the r.h.s. of the last equation is the input of the inverse
problem; this function will be denoted as g(s), thus

VsV (s)]ext = g(s). (2.6)
Now we express potential V(r) in the interior of the body in the form of
€D V(r) =Uo(r) + Q(r) Ur(r) + Q(r)? W (r), (2.7)

where functions Q(r), Up(r), Ui (r) and W (r) have, in domain Djy, bounded
derivatives of the second order, and function Q(r) satisfies the following
conditions:

r€Dp:  Q(r) >0, (2.8)
[Q(8)int = 0, (2.9)
— [vsQ(8)]int > ¢ >0, (2.10)

where ¢ is a suitable constant. Then it is clear that

n(s) = — ﬁ [VsQ(8)]int (2.11)
where

K(s) = |[VsQ(8)]int| (2.12)
and thus

[VsQ(8)]int = — K(s). (2.13)

Inserting expression (2.7) in conditions (2.4), (2.5), and using (2.9), (2.13)
we get

[Uo(8)]int = [V'(8)]ext (2.14)
[VSUO(S)]int - K(S) [Ul (S)]int = [VSV(S)]eXty (215)
and functions Uy(r) and Uy (r) can be chosen to be harmonic:

r€Diyy . AUy(r) =0, (2.16)
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’I’EDmt : AUl(T‘) =0. (217)

Function W (r) can be chosen arbitrarily (it only has to have, in domain
Dint, bounded derivatives of the second order). According to (2.3) we then
obtain the following expression for the density

reDu:  plr) = ﬁ A(Q) Ui (r) + Q(r)* W(r)) (2.18)

and thus only the function U;(r) has to be calculated.

In the case when the surface value of the density (thus function [p(s)]int)
is also known, following Pohdnka (1997) (Section 3), we rewrite function
W (r) in the form of

r€Dyy . W(r)=Us(r)+ Q(r) Z(r), (2.19)

where functions Us(r) and Z(r) have, in domain Dy, bounded derivatives
of the second order, and function Us(r) can be chosen to be harmonic:

r€Dip :  AUs(r) = 0. (2.20)
Then we get from (2.7)

rE€Dm: V(r)=Uo(r) + Q(r)Ui(r) + Q(r)* Us(r) + Q(r)* Z(r) (2.21)
and instead of (2.18) we have the expression for the density

reDu: p(r) = — A(Q) Ui(r) + Q)2 Ua(r) + Q) Z(r)). (222)

- 4k

Taking the limit to surface S, we obtain after some calculation using
(2.16), (2.17), (2.20), (2.9), and (2.11)

Ak [p(8)]int = [AQ(8)]int [U1(8)]int + 2 [VsQ(8)]int - [VsU1(8)]int +
+2[VsQ(8)lig [U2(8)]ine =
= L(s) [U1(8)]int — 2K(s) [vsU1(8)]int +
+2K(5)? [Ua(8)lint, (2.23)

where we denoted
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L(s) = [AQ(8)]int- (2.24)

As the condition (2.23) does not contain function Z(r), this function can be
chosen arbitrarily (it has only to have, in domain Djy, bounded derivatives
of the second order); therefore, in this case, we have to calculate functions
Ui(r) and Us(r).

These functions are determined by the conditions (2.15) and (2.23); in
view of (1.16) and (1.17) it is clear that the calculation of these functions
will be simpler if we put

K
K(s) = k) (2.25)
L(s) = L K(s)?, (2.26)

where K, L are suitable constants. Formulae (2.25), (2.26) represent ad-
ditional conditions imposed on function Q(r); now we can determine this
function.

It is clear that Q(r) can be chosen to depend on r? and (k-r)? only.
Obviously, conditions (2.8) and (2.9) are satisfied if Q(r) is equal to E(r),
where

Er)=1-——-—— —", (2.27)

as in the ellipsoidal coordinates we have according to (1.4)

B(r) = (1-v%)(1-2(sin€)?) (2.28)
and thus
E(s) = 0. (2.29)

However, condition (2.25) is not satisfied if Q(r) is equal to E(r); there-
fore, we express function Q(r) in the form of

Q(r) = Q(E(r), F(r)), (2.30)
where function F(r) is independent of E(r). We choose
g2 (k-r)?

F(r)=1—-¢*+

2.31
1—e2 a?2 '’ (2:31)
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as in the ellipsoidal coordinates we have

F(r)=1— &%+ %%(cos £)? (2.32)
and thus
F(s) = k(v)2. (2.33)

For maximal simplicity we require that Q(e, f) is a rational function of
variables e, f. We denote

Ql(evf) :aeQ(evf)7 Q2(€7f) :an(evf)7
Q11(€7f) 2062@(€7f)1 Q22(evf) :a]%Q(eva

Q12(€7 f) = aean(e? f)a (234)
and we get
V:Q(r) = Qi(E(r),F(r)) V.E(r) + Q2(E(r), F(r)) V .F(r), (2.35)
AQ(r) = Qu(E(r), F(r)) AE(r) + Q2(E(r), F(r)) AF(r) +

+Qu(E(r), F(r)) (V+E(r)* + Qaa(E(r), F(r)) (VoF(r))* +

+2Qu2(E(r), F(r)) (Vo E(r)) - (Vo F (7). (2.36)
We have

2
V,E(r) = — % (r by (o) k) (2.37)
2 g2
V.F(r)= 21 = (k-r)k (2.38)
and
_ 9.2

AE(r) = - 52 31 _2; , (2.39)

2 g2
AF(r) = 212 (2.40)

further we easily calculate
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(VeB () = = (2 — B), (2.41)
62 r

(@err)? = 25 (£ 1), (2.42)

(Vo) - (Vo (1) = = = (12 1), (2.49

In view of (2.29) and (2.33), condition (2.9) implies that Q(0, k(v)?) = 0;
as Q(e, f) is a rational function, we have

Q0,f) =0 (2.44)
and also

@2(0,f) =0, Q(0,f)=0. (2.45)
Then we get from (2.35)

[VsQ(8)lint = Q1(0,k(v)?) [V E(8)]ins (2.46)

and from (2.12) and (2.25) we obtain that K > 0, and

2
a2(1 _I;) k(v)2 = ([VSQ(S)]int)Q = Ql(oak‘(”)Q)Q ([VsE(S)]int)2 =

v 2
— % Q1(0, k(v)?)?%. (2.47)

Using (1.6) and (1.9) we get from (2.37)

[VsE(8)|int = — % (2.48)
and according to (1.8) we have

o 2 k(v)
[VsE(8)]int = P2 (2.49)

In view of condition (2.10) and formulae (2.46) and (2.49), we get that
Q1(0, k(v)?) > 0; therefore, from (2.47) we obtain that K > 0, and
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@1(0, f) = % (2.50)
thus
Q12(0, f) = — % (2.51)

Similarly, from (2.36) we get
[AQ(8)line = Q1(0,k(v)?) [AE(8)]ine + Q11(0, k(v)?) [V E(s)]5y +

+2Q12(0,k(v)?) [VsE(8)]int - [VsF(8)]int (2.52)
and from (2.24) — (2.26) we obtain
K2
a9
322K 4 k(v)?
= o e K+
4K [ k(v)?
+a2k:(v)4 (1(_352—1) (2.53)

Then we have
K2L — (1+2e)K N (1-e)K

Qui(0, f) = e 7 (2.54)
Now we rewrite function Q(e, f) as
Qle. f) co+ cre+ cof + cze? + cuef + c5f? (2.55)

= e 5
do +die +dof + dze? + daef + ds f?
thus condition (2.44) is satisfied, and inserting in (2.50) and (2.54) we get

Co+Cgf+C5f2 . 5

do+dof +dsf?  2f (259
20 +eaf) 2o+ eaf +esfA)(di+daf)

do + da f + ds f* (do + daof +ds f?)? a

CK’L—-(1+2)K  (1-)K

= i + I (2.57)

From the first equation we get
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K
cof +eaf? +esf?= ) (do + dof + ds5 f?) (2.58)
and thus
K K
d() = 0, co = E dg, Cy = E d5, Cy = 0. (2.59)

From the second equation we get
2erf* +eaf’) = K (dif +daf?) =
= ((1 —e))K + i (KL — (1+28°)K) f) (do + ds f) (2.60)
and thus
dy=—(1—-¢%)ds, dy=0,

€1 = %@ + é (K2L — (1 +2e*)K)ds, c4=0. (2.61)
Further, from (2.56) it follows that ds cannot be zero; therefore we can put
ds = 1. (2.62)
Now we have

Qle. f) = e 621€+Cgf—2i-63€2 .
—(1—¢e?)e+dse? +dyef + f
the remaining coefficients may be chosen according to the following criteria:

(a) function Q(r) should be as close to the function E(r) as possible;
particularly, for € = 0 these functions should be equal;

(b) although function Q(7) is not used in domain Dey, it would be
advantageous to require that condition Q(r) = 0 is satisfied only at the
surface S

(c) function Q(r) should be as simple as possible.

In view of the first criterion we require that the function Q(r)/E(r)
differs from 1 only in the second order with respect to variables 72 and
(k-r)?; in this way we obtain the following conditions:

(2.63)

01+(1—€2)62+63:—82(1—52)+d3+(1—€2)d4,
01—1—203:—(1—62)+2d3+(1—€2)d4,

01—02—1—263:—3(1—62)+2d3—€2d4. (2.64)
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Further it is reasonable to require that

c3 = ds; (2.65)
then we get

a=—1-eH2-¢?), c=1-¢% di=—-(1-¢%. (2.66)
Finally, we choose

d3 =2 —¢&? (2.67)
(as condition (b) requires that c3 > (1 — £2/2)?) and we have

2-e)e?—(1-2)2—-eHe+ (1) f

Qle, f) = - A-f1t)et 2 (2.68)
We denote
N(e,f)=2-e)e? —(1-e)2-He+(1-)f, (2.69)
M(e, f) = (f =1+ *)(f — (1 =) e), (2.70)
so that
Qle, f)=e NG %(j’ﬁ(e 7 (2.71)
From definitions (2.27) and (2.31) we easily get
r? 2 )2
N(E@), P = 2-) (2 -5 - 5 B0
r? g2 k-r)?
(-5 a5
+(1—e2)? + & “"('1?2 >
> (1—52)2(1— 2_462> :i(2+52)(1—.€2)2, (2.72)
)2 /2 g2 £2 )2
M(E(r),F(r)) = & (kGQ) (F + (1(2_ = 2) (kGQ) ) >0 (2.73)
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and
r€Dm ;. M(E(r),F(r)) <& (2.74)

This shows that function Q(7) given by (2.30) and (2.68) satisfies criteria
(a) and (b).

Finally, constants K and L can be obtained from (2.59), (2.61), (2.62),

and (2.66):

9 3 — 2¢2
K=20-¢) L=-35" (2.75)
(thus it holds true tat K > 0). We see that function Q(r) satisfies conditions
(2.8) and (2.9); according to (2.13), (2.25), and (2.75) condition (2.10) is
also satisfied.

At this point we depart from the course of solution described in Pohdnka
(1997), as the Dirichlet and Neumann boundary problems for the Laplace
equation for the domain of the shape of rotational ellipsoid can be solved
exactly. This is the consequence of the fact that the Laplace equation can
be solved in the ellipsoidal coordinates by separation of variables and har-
monic functions can be expressed as a series of ellipsoidal harmonics (see
for example Heiskanen and Moritz (1967), Chapter 1, or Hobson (1931),
Paragraph 252).

We first introduce spherical functions Y, ,,(v) (for definition see Pohdnka
(1995), (3.9), (3.10)); they are nonzero only for n > |m|, they are complex
(it holds true that Y7, ,,(v) = Yu,—m(v), where asterisk denotes the complex
conjugation) and they form an orthonormal system: for n > |m|,n’ > |m/|
it holds true that

1 —
1= [ 4 Y ®) Yot (0) = S B (2.76)

where d= = sin £ d&dv.

Spherical functions form a complete system of functions on the (unit)
sphere: any function f(v) continuous on the sphere can be expressed as a
convergent series

flv) = ano Z|m|§n frm Ynm(v), (2.77)

where coefficients fy, ,, are given by
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1

it is clear that for a real function f(v) it holds true that f ., = fn —m-

The adopted abbreviate notation of sums is the following: >, <. (3,,<)
is the summation over n (the first variable in the condition) from k to oo
(from —oo to k) and >;~, <; is the summation over n (the middle variable
in the condition) from k to [ if k¥ < I, and zero otherwise (Xjnj<k is the
abbreviation of > _; ., <¢)-

It can be shown (see Pohdnka (1995), Section 3) that any function f(v)
given in the form of (2.26) satisfies the bound

@< sl (2.79)

where the norm is given by

el = fCn DY (2:30)

For any function f(v) such that the series on the r.h.s. of (2.28) converges
(such a function will be said to belong to the class S), the series on the r.h.s.
of (2.26) converges absolutely and uniformly.

Now we can express function V(7) in domain Dy as a series

Im| ik(e)v
V(’I") = ano Z\m\gn Vn,m % Yn,m('v) (2.81)

and functions Ug(r) (k =0, 1,2) in domain Djy; as a series

pm (ik(e)v)

Uk(r) = ZnZO Z\m\gn Uk;n,m m Yn,m('U), (282)
where
K(e) = 1; = (2.83)

and P'(z) and Q)'(z) are the associated Legendre functions of the first
and second kind, respectively, (see Bateman and Erdélyi (1953), Chapter
3) defined for complex z. To proceed further we first derive certain useful
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formulae involving the associated Legendre functions of imaginary argu-
ment.

3. Some properties of Legendre functions of imaginary
argument

Functions P,Lml(z) and Q‘Tin ‘(z) (where |m| < n and z is complex) are
defined as

1 7
Pl (z) = (4 im] 2—/ dt (2 + V22 — 1 cost)" cosmt (3.1)
™ J—m

n!

(see Bateman and Erdélyi (1953), 3.7.14) and

Iml () — (— mni' o0 ch mt
Q(z) = (=1) (n—|m|)! /o dt (2 4+ V22 — 1cht)tl (32)

(see Bateman and Erdélyi (1953), 3.7.12); they are regular in the whole z-
plane with exception of the cut from —1 to 1. We are interested only in the
functions P|m|( u), Q‘T;ﬂ‘(iu) for |m| < n, u real, u > 0; in order to remove
complex quantities we express them in the form of

Pl (i) = i pl (u), (33)
Qi) = CUT i), (3.4

where, as it follows from (3.1) and (3.2),

pl;n‘(u) = M / dt (u+ Vu?+1 cost)” cosmt, (3.5)

n!

! o0 h mt
i :”7/ dt ° . 3.6
W= G o Y Gt v T (30

In the sequel we shall use functions pyp " l(u) and q| l(u) only in the case
when |m| <n, v > 0. Then it is clear from (3.6) that functions q| |( ) are

179



V. Pohdnka: A solution of the inverse problem of gravimetry ..., (165-192)

always positive. In the case of functions pl;ﬂ ‘(u) we first write (3.5) in the

form of

Pn (u)_ Zogkzgn k u u* +1

n!

1 ™
C— / dt (cost)" ¥ cos mt; (3.7)
27 J_n

for 0 < k <n we have

1 7 e | |
% /77rdt (COS t)n—k cosmt = % ‘/77rdt T (elt + e—lt)n_k el‘m‘t _

R T n=k\ _in—k—|m|-20)t _
= mg/_ﬁdt Zoglgn—k( I >e B

1 n—=~k
- on—k Zoglgn < I >5n—m—2l,k (3.8)

and thus
\m\(u) _ (n+|m’)' Z n i 2 n 1n—k;.
Pn -l 0<k<n \ k
1 n—k
" on—k Zoglgn ( l ) On—|m|—2Lk =

_ (nt[m))! n |m|+21
- nl Zoglgn Zogkgn On—jm| 2Lk |m|+21 [ '
b Sy

" 9lmh21

_ (n+|m])! > n Im|+20
ol 0<I<[(n~[m)/2] \ |m|+21 !
1 n—{m|-21 [m2l

" glmh21

where [z] is the integer part of x. This expression shows that functions
p‘ﬁﬂ‘(u) are positive with the exception of the case that v = 0 and n — |m|

is odd (when they are zero).

Now we are able to derive certain inequalities involving functions p'ﬁn | (u)
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and ql;n‘(u). We write (3.9) in the form of

Pl _ (nHmi)! 5~ ( n >(|m|+2z>.
w+1" n! 0<I<[(n—m))/2] \ |m|+21 l

1 u n—|m|-2l
'gmw( u2+1) . (3.10)

as the quantity u/v/u? + 1 is an increasing function of u, the expression on
the r.h.s. is a nondecreasing function of u. Similarly, we write (3.6) in the
form of

n+1 n! ) /°° : chmt (3.11)

™ () v/u2 + 1 = t
G () u/vVu?+ 1+ cht)rtl

and we see that the expression on the r.h.s. is a nonincreasing function of
u. Therefore it holds true that (see also Hobson (1931), Paragraph 252)

(n—|ml)!

|m| ) n
+1
0<u<u,0<u: Pn_(u) < [YEEI= ) 3.12
o A CORNCERS .
lm|, D) n+1
/. An (u ) u®+1
0<u<u : ql;ﬂ‘( ) < ( u’2—|—1> . (3.13)

Further, from (3.9) we get

gy = (2D m) (M)
uOypy, " (1) nl Zoglg[( —Im)/2) \ [m|+21 !

mH2l
Q\mH—Ql u dyu V2 g
_ (nt[m|)! > n m|+20\
N n! 0<I<[(n—|ml[)/2] \ |m|+21 l
ml=21 /—\mHQZ
\mH—Ql i

w2
- n—|m|—21 20) ——]; (3.14
<n [m| =21+ (jm|+ )u2+1>, (3.14)
for 0 <1 < [(n—|ml)/2] it holds true that
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u? u?
no < n—|m|=20+ (Jm|+21) o

and comparing (3.14) with (3.9) we get the inequality

<n (3.15)

2
u
et ol () < w0 () < () (3,16
Similarly, from (3.6) we get
O™ () |m] / ab “(u+ VuZ F Lcht)rtl

B n! / a chmt
~ (n=[m)! Jo (u+Vu? + 1cht)nt+2

u2

it holds true that

w2
o (u+ Vu?+1cht) <u+\/—cht<u+\/u2 + 1cht (3.18)

and comparing (3.17) with (3.6) we get the inequality

(1) 5 Al (u) < — w " (u) < (1) ol (). (3.19)
After denoting

opl (u) = duply"(u), (3.20)
aql™ (u) = dual™ (u), (3.21)

and using the above established positivity of functions pl;ﬂ ‘( ) and q‘m‘( ),

we obtain the inequalities

u? u@p‘m‘( )

u>0: n < <n, (3.22)
w1 )
2 o |m|
u>0: (n4l) 54— < — = fjﬁ W < i1, (3.23)
u+1 dn ()
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Finally, from (3.5) and (3.6) we have (|m| < n)

En+;$:;| p'r?'( )q‘riﬂ‘ / dr (u+ vVu? +1 cosT)" cosmr -
/ At chmt B
(u+ Vu? + 1cht)n+l
1 .
=5 | dT (u+ vVu?2+1cost)e ™.
T
o0 mt
oy
2J)-0 (u++Vu?+ 1cht)rtl
and thus

S e EH—;ZB, Bl ) ) =

_ l/oo dt — / dr u+ v u2 1 COST)n Z efimTemt.
(u+ vVu? + 1cht)rt! |m|<n

It is clear that for any function f(7) having the form of

7—) :Z|m|§nfmem7—

it holds true that
27 / IO D gcn® " = Dy I ™ = )

as (u+ vu? 4+ 1 cos7)™ is such a function, we have

1o 1 (™  (ut+vVu?+1cost)" oimT gmt _
—/ dt 5 | dr >
(u—l—~/u2 1Cht n+1 |m|<n
/ u+\/ + 1cht)” _/oodt B
"2 (u+ Vu?+ 1ch)nt! 0 u—i—\/u2+1cht

= QO(U)

and thus we obtain the formula

S e oty P 00 = o)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Therefore, using the above established positivity of functions pkﬂ l(u) and
q|7§n|(u), we get the inequality (Jm| < n)

% ol (u) " (u) < qf(u). (3.30)

0<
4. Derivation of the solution

Inserting (3.4) in (2.81) we get for 7€ Deyt

\m\ KR\E) U
V) = Xy X Yo i 2 Y] (41)

and inserting (3.3) in (2.82) we get for r€ Diy

pi (k(e) v)

Uk(r) = ano Z‘m‘gn Ukinm Y, m (). (4.2)
pn (K(e)

At the surface S we have (yet only formally)

[V(S)]ext - ZTLZO Z|m|§n Vn,m Yn,m(”)) (43)

[Uk(s)]int = ano Z|m|§n Uk;n,m Yn,m('v)' (44)

If the coefficients Vi, ;, and Ug;p m are such that the series 3°,,~¢ || Vi «|| and
Y150 IUk;n«|| converge, then (see Section 2) the series on the r.h.s. of (4.3)
and (4.4) converge absolutely and uniformly. Inequalities (3.12) and (3.13)
yield

0<v<1: %<1/(1—52)02+52n<1, (4.5)
o> 1 A (k(e) v) < 1 < (46)
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and this implies that also the series on the r.h.s. of (4.1) and (4.2) converge
absolutely and uniformly (in this case also with respect to variable v, where
v >1and 0 <wv <1, respectively); as a consequence, equalities (4.3) and
(4.4) are true.

Further, if the coefficients V, ,,, and Uy, ,, are such that also the series
Yonso ll(m+1)Vy il and 32,50 [[nUg:n «|| converge, then the series, obtained
by differentiation (term by term) of the series on the r.h.s. of (4.1) and
(4.2) with respect to v, converge absolutely and uniformly (for v > 1 and
0 < v < 1, respectively): this follows from the inequalities (3.22) and (3.23).
Therefore, according to (1.16) and (1.17) it holds true that

VsV (8)]ext =

v, nle) dail(s(e))

1
a—\/l—EQk(v) anoz\m\gn ; ql;m(’i(g)) Yo m(v), (4.7)

[VsUk(S)]int =

B 1 k() Oph" ((e))
- m ano Z\m\ﬁn Ukin.m pl:n|(ﬁ(€)) Yim (V). (4.8)

Now we can determine coefficients Uq.y, m, and Uty using conditions
(2.14), (2.15), and formula (2.6). We first denote

G(s) =av1—¢e2k(v)g(s) (4.9)
and write function G(s) in the form of a series
G(S) = ano Z|m|§n Gn,m Yn,m(”); (410)

from (2.6) and (4.7) we then obtain (for |m| < n)

G 5E)dar (x(e))
’ an(k(e))
Inequality (3.23) yields
k() O™ (k(e))
an(k(e))

Vism. (4.11)

(n+1) (1 —¢?) < — <n+l (4.12)
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and thus we have

an' (k(e))
(<) Oan" (1 (c))
Similarly, from (2.14), and (4.3), (4.4) we get (for |m| <n)

Vi = G (4.13)

UO;n,m = Vn,m- (414)
Therefore, if the function G(s) belongs to the class S (thus the series
ano |Gn«|| converges), the series Enzo [[(n+1)V; .|| and ano [nUosm, ||
also converge; this means that equalities (4.3), (4.7), (4.4), (4.8) (the latter

two for k = 0), and also (4.13) and (4.14) are true.
Formula (2.15) together with (2.6) yields

K(s) [U1(8)]int = [vsUo(8)]int — 9(8); (4.15)
using (4.4), (4.8), (4.9), (4.10), and (2.25) we get (for |m| < n)

k() Oph" (k(e))

K Ul;n,m = [m] UO;n,m - Gn,m (4'16)
pn (k(€))
and using (4.13), (4.14), and (2.75) we obtain
1 ar' (5(e)) Ipn"(k(e) )
P = 3T =) (aql;“'m(e)) STIET A -

From (3.22) we have

k() Opi™ (k(e))
i (k(2))

and using (4.12) we get the bound

n(l—e?) <

<n (4.18)

n(l-2) _ ai(s(e) di(se) __ m
ntl T agi k(o) P (s(e) T (D) (- )

(4.19)
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Thus, if the function G(s) belongs to the class S, the series Y~ [|[Utn«||
also converges; this means that equalities (4.4) (for k = 1), (4.16), and
(4.17) are true. Moreover, if also the series Y, < ||nGp | converges, the
same is true for the series 3°,~¢ [[nUn.|; thus equality (4.8) holds true
also for k = 1. N

In a similar way we can determine coefficients Us., ,, using condition

(2.23). We have

2K (s)” [U2(8)]ine = 4 [p(8)]ine — L(8) [U1(8)]ime +
+2 K (s) [vsU1(8)]ins; (4.20)

we denote

R(s) = 4nra®(1 — %) k(v)? [p(8)]ins (4.21)
and write function R(s) in the form of a series

R(S) = ano Z|m|§n Rn,m Yn,m('v)- (4.22)

Then we get using (4.4), (4.8), (2.25), and (2.26) (for |m| < n)

k() Oph™ (1(€))

2K?Uppn = Ry — LEK* Uy +2 K Ulinm (4.23)

P (+(e))
and using (2.75) we obtain
Uspn = ——— Ry +
2;nm — S (1 — 62)2 n,m
m|
R (2 ”(g)f)ﬁ’” GO 252> Ul (4.24)
4(1-e%) pn (r(e))

In view of (4.18), if the series Y~ ||nGy «|| converges and function R(s)
belongs to the class S (thus the series 3,50 || Rn.«| converges), the series
S50 U2+ ]| also converges; this means that equalities (4.4) (for k = 2)
and (4.24) are true.

The solution of the inverse problem can be thus obtained as follows.
For the given function g(s), from (4.9) we get function G(s) and calculate
coefficients Gy, 1, by inversion of equality (4.10) (see (2.77) and (2.78)). Then
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we get coefficients Uy, from (4.17) and function Ui(r) is given by (4.2)
(for k = 1). Density p(r) can be calculated from (2.18) for some choice of
the function W(r).

In the case that function [p(s)]int is also known, we first calculate coeffi-
cients Uy.y, », and function Uy (r) as before. Then we get function R(s) from
(4.21) and calculate coefficients R, ,, by inversion of (4.22). Coefficients
Us.nm can be calculated from (4.24) and function Us(r) is given by (4.2)
(for k = 2). Density p(r) can be calculated from (2.22) for some choice of
the function Z(r).

Finally, we note that the presented method for the solution of the inverse
problem of gravimetry for an ellipsoidal planetary body is a generalization
of the method treated in Pohdnka (1993) for the body of spherical shape.

5. Improvement of the solution

In previous Sections the solution of the inverse problem of gravimetry
was presented in the form that need not be the most suitable for numerical
calculation. Therefore, we shall present certain modifications of this solution
that can improve the speed of numerical calculation.

First, we derive a simpler expression of the fraction on the r.h.s. of (4.17).
We use the formula (see Hobson (1931), Par. 251)

m (n=[m[)!"
|r — r’| Zn>02|ml<n (n+|ml)!
P (ik(e) v) QUM (iK(e) V) Ynm(v) Y (0),  (5.1)

where 0 < v < v’ (note that in Hobson (1931) the i is missing in nominator
on the r.h.s.). This formula can be written in our denotation (see Section
3) as

_ (n—|m|)!
|r— | ae Zn>02|?ﬂ|<n n+]m|)
i (s(e) v) Al (5 () V') Youm (0) Yo 1 (0). (5.2)
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For any function f(v) that belongs to the class S we have (for r € Djy,
thus 0 <wv <1)

1. f) (n—|m|)!
E/d Ir—s@)|  ac Zn>oz|m|<n (n+|m|)!
i (k(e) v) M (5(2)) fam Ynm(v),  (5.3)

where the series on the r.h.s. converges according to (3.12) and (3.30)
absolutely and uniformly (also with respect to v for 0 < v < 1). As the
integral kernel 1/|s(v) — s(v’)| is weakly singular, we have

]' r:/ f(v,) _ 1 r:\/ . f(’vl) _

[ 0~ (] ‘E/ A=t o =
L W)

=l 47T /d \7‘ — s(v)

|

o (n—|m))"

= hmy—d— Zn>0 Z\mKn (n+|m’)
() v) " (5(6)) Fom Y (v) =

S e (o o BRRE) A 606D Frn Y (0): (5:)

Im|<n ( n+|m]

On the other hand, it can be shown (see Pohdnka (1995), (2.15), (3.30),
(3.31)) that (for any function f(v) that belongs to the class S)

= [a= =Y o e Dun fan Yum(®@), (55)
where
1 2
nn = 5y sFa(1/2, 1/24+m, 1/2—m; 3/24n, 1/2—n; 7). (5.6)

Therefore, comparing (5.4) and (5.5) we obtain the equality (|m| < n)

(e DI (E) () =

- 2n5+1 sFo(1/2, 1/2+4m, 1/2—m; 3/24n, 1/2—n; 2). (5.7)
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Using the definition of generalized hypergeometric series (see Bateman
and Erdélyi (1953), 4.1.1, 4.1.2) we easily derive the formula

0 —— 3Fy(1/2, 1/24m, 1/2—m; 3/24n, 1/2—n; €2) =
2n+1

1
=51 3F2(3/2, 1/24m, 1/2—m; 3/24n, 1/2—n; %) = Ny (5.8)

(see Pohdnka (1995), (3.29)), and thus

Nz BZID  to0) abln(e)) =
nym = (nt|m)|)! e Pn dn =
_ (n=|mpt 1 (opl"I(5()) al () +

(n+lml)! 2vi—e
+ " (5(e)) D (5(e))).  (5.9)

Further, from the Wronskian formula for the Legendre functions (see
Bateman and Erdélyi (1953), 3.2.13, 1.2.15)

P2 0.0 2) - Q1) 0Pl ) = (cym I L o)
we get using (3.3), (3.4)
m m m m n+|ml)! 1

ol ()l ) = i) 00l (u) = PRI (.11)
and thus
oY (n(€) A (s(6)) — DA (6(e) Ol (e(e)) = (T S (512
We denote
Apm = V1 =2 Ny (5.13)
see Pohdnka (1995), (4.4)), and from (5.9) and (5.12) we get (|m| < n)
n—\im 2

s B0l 2 A ((E)) = G (1= A (5.14)
(=D () Dl (5(2)) = — S (14 M), (5.15)
(ntlmel)t " n g (L A
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Therefore, we have

al(k(2) R (k(E) 1= Aum

_ _ (5.16)
0" (k@) k() T F Anm
and formula (4.17) can be expressed in the form of
1 1
Uiom = G- (5.17)

T 1—e2 14 A

As it was shown in Pohdnka (1995), Section 4, Agp = 1 and all other
coefficients A,, ,, (for |m| < n) are absolutely smaller than 1.

Further, in Pohdnka (1995), Section 5, the solution of the interior Dirich-
let problem for the rotational ellipsoid was presented in the form of a surface
integral. This can be used to express functions Uy(r): if function [Ug($)]int
can be expressed in the form of (4.4), and belongs to the class S, then for
re Dy we have

s(v)—r

Up(r) = i/dE @ ov) - 17 S uk(v), (5.18)

where s(v) and o(v) are given by (1.6) and (1.9), and

2

It may seem that the expression (4.2) requires less operations be per-
formed than in the expression (5.18), (5.19), as the former contains only
summation, while the latter contains summation and integration. However,
it has to be pointed out, that functions U (r) are to be calculated in a 3-
dimensional domain (what is equivalent to a set of 2-dimensional domains).
This means that by using (4.2), the summation has to be performed sepa-
rately for every (calculation) point in this 3-dimensional domain, while by
using (5.18) and (5.19) the summation is performed only for (a suitably
dense set of) points in a 2-dimensional domain — surface S, and then the
integration is performed for every (calculation) point in the 3-dimensional
domain. Thus the number of required operations is approximately the same.

However, there is a substantial advantage in performing the integration
according to (5.18) with respect to the summation according to (4.2). This
is because in the latter case the presence of highly oscillating spherical
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functions requires to take into account a great number of terms in the sum.
On the other hand, by the numerical integration according to (5.18), it is
not necessary to sum such a number of terms, as the integral kernel in (5.18)
is a smooth function decreasing with distance between the calculation and
integration points.

Moreover, the solution in the form of a surface integral can be relatively
easily transformed (in a certain approximation with respect to the parameter
¢ that is usually much smaller than 1) to a form containing no sums and
no spherical functions; in this case it is necessary to perform only a single
integration. For this transformation it is advantageous to use (in the case
k = 1) formula (5.17) instead of (4.17), as the former contains a single
transcendental function in denominator, while the latter contains a product
of two transcendental functions (this matter will be presented in a separate

paper).
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