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Method for the solution
of the inverse problem of gravimetry
for a planetary body of arbitrary shape

V. Pohanka
Geophysical Institute of the Slovak Academy of Sciences!

Abstract: The inverse problem of gravimetry for a planetary body of arbitrary
smooth shape is solved by a suitable expression of the gravity potential in the interior of
the body, provided the solution of the interior Dirichlet and exterior Neumann problem
for the Laplace equation for the domain representing the interior of the body is known.
The obtained solution of the inverse problem is general: from this solution it is possible
to find any particular solution.
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1. Introduction

The formulation of the inverse problem problem of gravimetry treated
in this paper is as follows: gravity field is assumed to be generated by
the matter in the interior of a planetary body of arbitrary shape with a
sufficiently smooth surface; at the surface of the body the value of the
normal derivative (with respect to the surface) of the gravity potential is
given (as input); the problem is to find every density function (from some
given class of functions) generating the given external gravity field.

We denote the domain representing the interior (exterior) of the body as
Dint (Dext) and the surface of the body (the boundary of these domains)
as S. Potential of the gravity field V(r) and density of the matter p(r) are
defined in the whole space; they satisfy outside the body the equations
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€Dt = p(r) =0, (1.1)
r€Det: AV(r)=0 (1.2)

and the potential tends to zero at infinity; within the body they satisfy the
Poisson equation

r€Di : AV (r) =4dnk p(r), (1.3)

where k is the gravitational constant. As the potential and its gradient
are continuous in the whole space, their limits on the surface of the body
from inside and outside have to be the same. We shall assume that at
any point s of surface S the unit vector of the external normal to this
surface n(s) is defined, and this vector is a continuous function of s. If we
denote the inner (outer) limit of function f(7) at the point s of surface S as
[f(8)]int ([f(8)]ext) and the normal component of the inner (outer) limit of
the gradient of this function at the point s as [Vsf(8)]int = 1(8) - [Vsf(8)]int
([vsf(8)]ext = n(s) - [Vsf(8)]ext), the continuity conditions for the potential
at surface S are

[V(S)]int = [V(S)]exty (14)
[VSV(S)]int = [VSV(S)]ext' (15)

The function on the r.h.s. of the last equation is the input of the inverse
problem; this function will be denoted as g(s), thus

VsV (8)]ext = g(s); (1.6)

our aim is to find a formula expressing function p(r) in domain Djy.

2. Solution of the inverse problem

The idea of solution of the inverse problem is as follows. We express
potential V(7) in the interior of the body in the form

€Dy 2 V(r)=Up(r) + Q(r)Ui(r) + Q(r)* W(r), (2.1)
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where functions Q(r), Uy(r), U1 (r) and W (r) have in domain Dj,; bounded
derivatives of the second order and function Q(r) satisfies the following
conditions:

r€Dp:  Q(r) >0, (2.2)
[Q(8)int = 0, (2.3)
— [sQ(8)]ime > ¢ > 0, (2.4)

where ¢ is a suitable constant. It is clear that there is a wide class of
functions satisfying conditions (2.2)—(2.4); the problem is rather to find
a sufficiently simple example of such a function (this will be treated in a
separate paper).

Conditions (2.2)—(2.4) imply that gradient of the function Q(r) at any
point s of surface S is parallel to the unit vector n(s); thus this vector can
be expressed in terms of function Q(r):

n(s) = = o5y [VoQs (2.5)
where

K(5) = |[V5Q(8) e (2.6)
Then it is clear that

[VsQ(8) e = — K (5) (27)

and thus according to (2.4) function 1/K(s) is bounded.
Inserting expression (2.1) in conditions (1.4), (1.5) and using (2.3), (2.7)
we get

[Uo(8)]int = [V'(8)]ext (2.8)
[vsUo(8)lint — K (8) [Ur(8)lint = [VsV (8)]ext- (2.9)

These equations together with expression (2.1) indicate that it would be
advantageous to require that functions Uy(r) and Uy (r) are harmonic:

’I‘GDmt : AU()(T) = O, (2.10)

r€Di : AU(r) =0. (2.11)
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The reason is that a function harmonic in some domain is uniquely deter-
mined by its value at the boundary of this domain; therefore the amount of
information needed to describe such a function completely is smaller than
for any other function with the same boundary value. Moreover, according
to (1.3) we have then for the density the expression

reDm: plr) = 7 A(QE) Ua(r) + Q) Wi(r), (212
TR
in which function Uy(r) does not appear.

Note also that conditions (2.8), (2.9) do not contain function W (r) and
therefore this function can be chosen arbitrarily (it has only to have in
domain Djy; bounded derivatives of the second order).

Let us now assume that the Green function G(r,s) for the Dirichlet
problem for the Laplace equation in domain Djy and the Green function
D(r, s) for the Neumann problem for the Laplace equation in domain Dyt
are known. Then we have for any function u(7) harmonic in Djy; and such
that [u(s)]int is sufficiently smooth

reDuy:  u(r) = % /S do G(r, 8) [u(8)]mt (2.13)

and for any function v(r) harmonic in Dey and such that [vsv(s)]ext 1S
sufficiently smooth

T€Det :  v(r) = %/Sda D(r,s) [Vsv(8)]ext (2.14)

(do is the surface element of surface S at the point s).

In the next we shall need an expression for the function [vsu(s)]int, where
u(r) is given by (2.13). For any function f(7) defined in Dip, and having a
sufficiently smooth limit [f(s)]int, operator V2 defined as

ValF (8)]ine = [V f (8)]ine — 1(s) n(8) [V f(8)]ine (2.15)

represents the tangential part of the gradient with respect to surface S at
the point s (note that the L.h.s. of (2.15) can be calculated knowing only the
limit value of function f(7) on the surface S). Further we define operator
T5(r, s) (for 7€ Diy) by the formula

T9(r,s) f(x) = £(r) = [£(8)]int — (r — 8) - VE[£(8)]int; (2.16)
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it is clear that for a harmonic function u(r), function T%(r, s) u(x) (as a
function of r) is also harmonic and the normal component of the inner limit
of its gradient at the point s is the same as for the function u(r). Formula
(2.13) for the function T (r, s) u(*) reads

T9(r, s)u(x) = %/ do’ G(r,s") [T(s', 8) w(*)]ins, (2.17)
m™JSs
where according to (2.16)

[T°(s", 8) u(*))ine = [u(s)ine — [u(s)]ime — (8" = 8) - VG [u(8)]im; (2.18)

then it can be shown that
1
[%mﬂm:Z}Amﬂmagymmpﬁagu@ht (2.19)

and the integral on the r.h.s. exists, as the integral kernel [vsG(s,s)]int
has a singularity of the type |s — s’|73, while function [T9(s’,s)u(*)]int
behaves (for sufficiently smooth function [u(s)]int) in the neighbourhood of
this singularity as |s — s’|?.

In the case of formula (2.14) we can exchange the limit to surface S and
integration and we obtain

@wmzﬁéwwgﬂwmwmm; (2.20)

here the integral kernel [D(s, s’)|ext is weakly singular.

Now we are able to express the dependence of function Ui (r) on the
input g(s). According to (1.2) we can write formula (2.20) for the function
V(7); using formulae (1.6) and (2.8) we get

Uols)lm = = [ 40" [D(s. e 915 (2.21)

and formula (2.19) for the function Up(r) reads
1

[VsUo(8)]int = o / do’ [vsG(s, 8" )]int [TS(S', $) Up(%)]int - (2.22)
m™JS

From formulae (2.9) and (1.6) we get

1

[U1(8)lint = (s

(IvsUo(8)lims — a(s)) (2.23)



and formula (2.13) for the function Uj(7) reads (7 € Diyt)

Us(r) = % /S do G(r, 5) [U1(8)]ims. (2.24)

Therefore, the density in the interior of the body is given by (2.12), where
function Uy () is given by (2.21)—(2.24). We see that the density is the sum
of two parts: the first part is uniquely determined by the input (the surface
gravity field), while the second part depends on the function W (r) which
can be chosen arbitrarily. Thus this second part represents (in an exact
way) the nonuniqueness of the inverse problem of gravimetry. It has to be
noted that this second part of density generates the zero exterior gravity
field.

3. Solution with extended input

In many cases the surface value of the density (thus function [p(s)]int)
is also known. Therefore, it will be suitable to modify the above presented
solution of the inverse problem to account for the additional knowledge.

This can be done very simply as follows: we write function W(r) in the
form

r€Di 2 W(r) =Us(r)+ Q(r) Z(r), (3.1)

where functions Us(r) and Z(r) have in domain Djy, bounded derivatives
of the second order. Then we get from (2.1)

r€Di:  V(r)=Uo(r) + Q) Ui (r) + Q(r)* Us(r) + Q(r)* Z(r)  (3.2)
and using (2.10) and (2.11) we obtain after some calculation (7€ Djy)
AV (r) = (AQ(1) Ur(r) + 2 (V+Q(r)) - (VUi (r)) +

+2[Q(r) AQ(r) + (V,Q(r)*| Ua(r) +

+4Q(r) (V2Q(r) - (V4Ua(r)) + Q(r)? AUs(r) +

+3Q([Q(r) AQ(r) +2(V,Q(r)?| Z(r) +

+6Q(r)? (V+Q(r)) - (V4Z(r)) + Q(r)* AZ(r). (3.3)

In the limit to surface S we have according to (2.3) and (2.5)
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[AV(8)]int = [AQ(8)]int [U1(8)]ine + 2[VsQ(8)int - [VsU1(8)]int +
+2[VsQ(8)]i [U2(8))ine =

= L(8) [U1(8)lint — 2K (8) [vsU1(8)]ims + 2 K (8)” [U2(8))int, (3.4)
where we denoted
L(s) = [AQ(S)]int- (3.5)
Using formula (1.3) we get the condition
L(8) [U1(8)]ins — 2 K (8) [vsU1(8)]int + 2 K (8)” [Ua(8)]ins =
= 47k [p(8)]int (3.6)
and we see that we can require that also function Us(r) is harmonic:
r€Di 1 AUy(r) =0. (3.7)

Note that condition (3.6) does not contain function Z(r) and therefore
this function can be chosen arbitrarily (it has only to have in domain Djy
bounded derivatives of the second order).

Then we can calculate function Us(r) as follows: from (3.6) we have

[U2(3)]int =

— Tl(s)? (47m [p(8)]int — L(8) [U1(8)]ins + 2 K(s) [VsUl(s)]im), (3.8)

where function [U;($)]int is given by (2.23), and, in analogy with (2.22)

WU (8)]mt = % /S do’ [5G (5, 8Vt [T5 (', 8) Us ()]s (3.9)

Function Us(r) is then given by (7€ Diyt)

Us(r) = % /S do G(r, 8) [Un(8)]nt (3.10)
and the density is expressed by
Pt plr) = o A(QE)U(r) + Q) Ua(r) + Q) Z(r). (311)
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Therefore, in this case the density in the interior of the body is given by
(3.11), where function U;(r) is given by (2.21)-(2.24) and function Usz(r)
by (3.8)-(3.10). We see that the density is again the sum of two parts: the
first part is uniquely determined by the input (the surface gravity field and
the surface value of density), while the second part depends on the function
Z(r) which can be chosen arbitrarily.

In conclusion, it has to be noted that the presented method for the solu-
tion of the inverse problem of gravimetry for a planetary body of arbitrary
smooth shape is a generalization of the method treated in [1] for the body of
spherical shape. In the latter case function Q(7) can have very simple form:
if the origin of coordinates is at the centre of the body and the radius of the
body is R, domain Dj, is given by the inequality 72> < R? and conditions
(2.2)—(2.4) are satisfied by the function 1 — 72/R2. In this case the second
and third term on the r.h.s. of (3.2) is a biharmonic and 3-harmonic func-
tion, respectively. For arbitrary nonspherical shape of the body, these two
terms have not this simple behaviour with respect to the Laplace operator;
nevertheless, also in this case any term in the decomposition (3.2) can be
considered as simpler than the any of the succeeding terms.
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